7. Differential Equations

e An equation is called a differential equation, if it involves variables as well as derivatives of dependent
variable with respect to independent variable.
For example:

2 3
y(‘i—f) — 2%y +3=0

4
.T—d L+ 5
dx

ar* is a differential equation.

dp dy dy d
Sometimes, we may write & de? an? dantetc.as ¥YULYLY  ete. respectively. Also, note that we
cannot say that tan(y") + x =0 is a differential equation.

Order of a differential equation is defined as the order of the highest order derivative of dependent
variable with respect to independent variable involved in the given differential equation.

For example: The highest order derivative present in the differential equation

3 5 i a 2 LX) ¢ f— x RN . . . . .
ry ¥y =37y +xyy' =5=015y"""" Therefore, the order of this differential equation is 4.

Degree of a differential equation is the highest power of the highest order derivative in it.

i 2 i 5 LX) 2 LI . .
For example: The degree of the differential equation (¥' )" —2x(¥")” —ap(y"" )" +»" =0 s 2, since the
highest power of the highest order derivative, »', is 2.
2
)=
Note: The degree of the differential equation dx .

dy
polynomial equation in dx . However, its order is 2.

is not defined since it is not a

If a differential equation is defined, then its order and degree are always positive integers.

A function that satisfies the given differential equation is called a solution of a given differential equation.
Example: Verify whether y = sin x + cos x — 5 is a solution of the differential equation »"* +»" =0 or not.

Solution:
We have, y =sinx + cosx — 5
Uy Scosxy—sinxy

¥ = —sinxy—cosx= —(sinx+cosx)
y¥'= —(cosxy—sinxy) = —y
%u}?.’.’.l +J.-?J :l:l

Therefore, y = sin x + cos x — 5 is a solution of the differential equation ¥"* *»" =0

e An equation is called a differential equation, if it involves variables as well as derivatives of dependent
variable with respect to independent variable.
For example:
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ar* is a differential equation.

d dy dy dy
Sometimes, we may write & de? an? dantetc.as ¥V ete. respectively. Also, note that we
cannot say that tan(y") + x =0 s a differential equation.

Get More Learning Materials Here : & m @) www.studentbro.in


LENOVO
Typewritten text
7. Differential Equations


Order of a differential equation is defined as the order of the highest order derivative of dependent
variable with respect to independent variable involved in the given differential equation.

For example: The highest order derivative present in the differential

equation x3ySy""-3x2y"+xyy'-5=0 is y"". Therefore, the order of this differential equation is 4.

Degree of a differential equation is the highest power of the highest order derivative in it.

i 2 i j LX) 2 LI . .
For example: The degree of the differential equation (') —2x(¥"")" —xpi{y"")" +»" =0 {52, since the
highest power of the highest order derivative, ¥', is 2.
2

) ) ) d—g +cos (:—‘F) =0

Note: The degree of the differential equation dx .
dy

polynomial equation in 4x . However, its order is 2.

1s not defined since it is not a

If a differential equation is defined, then its order and degree are always positive integers.

A function that satisfies the given differential equation is called a solution of a given differential equation.
Example: Verify whether y = sin x + cos x — 5 is a solution of the differential equation ¥"* *¥" = 0 or not.

Solution:

We have, y =sinx + cos x — 5
Uy Scosxy—siny
y' = —ginx—cosxy= —(sin x+cosx)
¥'= —(cosx—sinx) = —y
e e
Therefore, y = sin x + cos x — 5 is a solution of the differential equation ¥"* +»* =0

e To form a differential equation from a given function, we differentiate the function successively as many
times as the number of arbitrary constants in the given function and then eliminate the arbitrary constants.

Example: Form the differential equation, representing the family of circle
(x— a)2 +(y- b)2 = rz, where a and b are arbitrary constants.

Solution:
We have (x — a)? + (y — b)2 = 12 (1)
Differentiating with respect to x, we obtain
20x—a) + 20y —B)L =0 A2

Again differentiating with respect to x, we obtain

2 2
2+2[(%) v @—b)j—_i] =0

. [1+ (j—fﬂ

edx %
2
(
=y —b= 1+;}:}
2
y—b= — 0+Cr97]
Substituting ¥*  in equation (2), we obtain
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2
2(x —a) =2 T Lot =0

i 3

=200
Y

Substituting the values of (x — a) and (v — b) in equation (1), we obtain

[Mr . [ _ﬂr ™
l}?hl l}rll

2 2

in 2 i 2 v 2 ey

= (') [1+{y} ] +[1+"J)] =r (")
5} 2] _ 2, .2
s |1+ 607 ie 07 =20
o R i

= [1+ 00 =) =0
This is the required differential equation of the given circle.

e The three methods of solving first order, first degree differential equations are given as follows:
o Variable separable method: This method is used to solve such an equation in which variables can
be separated completely i.e., terms containing y should remain with dy and terms containing x
should remain with dx.

2 2
Example: Solve the differential equation: ¥(1+ ¥ )dx +y(4 + x%)dy =0

Solution:

A1+ y7)dx +y(4 +21)dy =0

=2 dx+—Lody =0
4+4x 1+p

1 ax | oy -
= | = ldy+>- | 2= |dyv =0
4 (4*"2) 4 (H},z) g

L 4y
= ﬁcﬁ = — [—5dy
4+ l+y

=log(d+71%) = —log(1+y?) +log C

=log(4 + 1) (1+y%) =log C

> (@+a")(1+yh) =C

This is the required solution of the given differential equation.

e Homogeneous differential equation:
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dy _ o—

ar - =o(x,

A differential equation which can be expressed as dx g(x.y) , where f(x,y) and g
(x, y) are homogenous functions of degree zero is called a homogenous differential equation. To solve
such an equation, we have to substitute y = vx in the given differential equation and then solve it by

variable separable method.

dx
£ -ax
Jay) org

2 4
Example: Solve the differential equation: xwdy — (3" — 3y )dx =0

Solution:

avdy — {3‘2 — 3y2}dﬂ' =0

ey
NN T

dx ~ xp , (D
Now,
LT e R e
FAx, Ay) = =
': X .J”:' ,"|2J.'}r Xy
=Ny

F is homogeneous function of degree zero. Therefore, the given differential equation is a homogeneous
differential equation.

Lety =vx
cdp dv
A S R L LS
i ‘I.:ir
Now, equation (1) becomes
R T i S e
v+ M 5 =
X P v
2 2
Y T L
dx v v
= [ —dv= fas
—v #
P iV 3
87 ap? X

= —lglog(l—-ﬂwzj =log(x) —log C
1
=log [_T(l —41;2]5] =log Oy
g 1
=x(1-4")8 =

= S (1—dv)) = = C(say)

3 2
= (1—4:-:*"—2) =C
X

=0 -4yt =C

This is the required solution of the given differential equation.

. Linear differential equation:
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dy _

o A differential equation which can be expressed in the form of dx 8= Q, where
P and Q are constants or functions of x only, is called a first order linear differential
equation.

In this case, we find integrating factor (I.F.) by using the formula:

[F=pl
Then, the solution of the differential equation is given by,

y(LF)=[(QxLF )dx +C

dx —
— +Pix=
o A linear differential equation can also be of the form 4r 2 , where P and Q are constants
or functions of y only.
In this case, 1F =P

And the solution of the differential equation is given by,
FIFI=HQLEF )\ dy +C

Example: Find the solution of the differential equation s11 ¥&x = cos ¥(sin ¥ — x)dy | satisfying the

condition that x =5 when” ~ 2.

Solution:
We have,

sin ydr=cosyisiny — x)dy

dx ED.‘:‘__]-’(.‘:'ii'.l. F -1") ) =
= = Mt s Pl i : —
.f G Ccosy —xcot ¥

dx —
=0 4 = :
B rcot y =cosy

dx —
— +Pix=
This is a linear differential equation of the form dr & QWhere Py =cotyand Q) =cosy

:E‘Fld}’ :E_I'cnt rdy :e_llcug sin pdy _

Now, LF = sin y

Therefore, the general solution of the given differential equation is
x¥sin v = [cos yusin ydy + C

= x¥5in ¥ = %,Ilsin 2ydy +C

= 15Ny = — %cos 2y +C

-
Substituting Y~ 72 andx =5 in this equation, we obtain

Ss1n (E) = — lcos(EXEj +C

2 4 2
Ssin (%) = — %cos;r T
5= —px(—1)+C
#CZ%

Therefore, the required solution is
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xsin y = — %cos 2y + %
f s 1 —18
x5ty +5cos oy = o

=dxysin y+cosZy =19
Application of Differential Equations
1) Population growth and growth of bacteria:

If the population P increases with time ¢, then the rate of change of P is generally proportional to the population
present at that time.

i.e., dPdt = kP, where £ is the constant of proportionality.
= P =ekt + ¢ = A ekt , where ec = A, which gives the population at any time z.
2) Radio Active Decay:

Radio active substances disintegrate with time. It means that the mass of the substance decreases with time. The
rate of disintegration of such an element is always proportional to the amount present at that time.

If x is the amount of any material present at time ¢, then we have:

dxdt = - kx, where k is the constant of proportionality and £ > 0.

Note: The negative sign appears because x decreases as ¢ increases.

If x0 is the initial amount at time ¢ = 0, then x = x0 e-kt is the amount of radio active substance at any time .
Half-life period: Half-life period of a radio active substance is defined as the time taken for half of the
substance to disintegrate.

3) Newton's law of cooling :

It states that the rate of cooling of a heated body at any time is proportional to the difference between the
temperatures of the body and its surrounding medium.

If 0 1s the temperature of a body at time ¢ and 00 is the temperature of the medium, then according to Newton's
law of cooling, we have:

dodt = -kO - 60, where £ is the constant of proportionality and the negative sign indicates that the difference in
temperature is decreasing.

Integrating both sides, we get:

0 =100+ 01 - 80e-kt

This gives the temperature of a body at any time ¢.
4) Surface Area:

We also use differential equations to solve problems related to the surface area.
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